In recent years, much effort has been devoted to the construction of a proper measure of quantum non-Markovianity. However, those proposed measures are shown to be at variance with different situations. In this work, we utilize the theory of k-positive maps to generalize a hierarchy of kdivisibility and develop a powerful tool, called k-divisibility phase diagram, which can provide a further insight into the nature of quantum non-Markovianity. By exploring the phase diagram with several paradigms, we can explain the origin of the discrepancy between two frequently used measures and find the condition under which the two measures coincide with each other. Introduction. Open quantum systems have attracted increasing attention due to their fundamental importance and applications in various fields. In these systems, one has to deal with the interactions between the system and its environments, which may induce dissipation, decoherence, or rephasing. The environment usually consists of a huge amount of degrees of freedom, and keeping track of them exactly is impossible. When dealing with the interactions, a typical approach is to employ the Born-Markov approximation [1], leading to the celebrated Lindblad master equation [2, 3] . Its solutions form a family of quantum dynamical semigroups. In an authentic physical system, however, the dynamics is expected to deviate from the idealized Markovian evolution, in which the memory effects are essentially ignored. In order to take the memory effects into account, many improved techniques had been developed, such as path-integral formalisms [4] [5] [6] [7] , Monte Carlo algorithms [8] , hierarchy equations of motion (HEOM) [9] [10] [11] , the reaction-coordinate method [12, 13] , and non-Markovian quantum master equations [14] [15] [16] .
Introduction. Open quantum systems have attracted increasing attention due to their fundamental importance and applications in various fields. In these systems, one has to deal with the interactions between the system and its environments, which may induce dissipation, decoherence, or rephasing. The environment usually consists of a huge amount of degrees of freedom, and keeping track of them exactly is impossible. When dealing with the interactions, a typical approach is to employ the Born-Markov approximation [1] , leading to the celebrated Lindblad master equation [2, 3] . Its solutions form a family of quantum dynamical semigroups. In an authentic physical system, however, the dynamics is expected to deviate from the idealized Markovian evolution, in which the memory effects are essentially ignored. In order to take the memory effects into account, many improved techniques had been developed, such as path-integral formalisms [4] [5] [6] [7] , Monte Carlo algorithms [8] , hierarchy equations of motion (HEOM) [9] [10] [11] , the reaction-coordinate method [12, 13] , and non-Markovian quantum master equations [14] [15] [16] .
Although the notion of non-Markovianity has been used extensively, there is no unique definition nowadays. Recently, much effort has been devoted to the construction of an appropriate measure of quantum nonMarkovianity [17] . Most of them are based on continuously monitoring the time variation of certain quantities of interest, such as trace-distance [18] , entanglement [19] , mutual information [20] , channel capacity [21] , and the set of accessible states [22] . When these quantities decrease monotonically in time, the system is said to undergo a Markovian process. On the other hand, whenever the revival of these quantities in a time period is detected, the corresponding measure of non-Markovianity can be constructed according to an optimal amount of the rivival.
In the non-Markovianity measure proposed by Breuer, * yuehnan@mail.ncku.edu.tw
Lane, and Piilo (BLP) [18] , they consider the timevarying rate σ defined as
for a pair of arbitrary initial states ρ 1 and ρ 2 , where E t,0 is a completely positive (CP) and trace-preserving (TP) quantum process and A 1 = Tr √ A † A denotes the trace norm of a matrix A. The BLP measure interprets σ (ρ 1 , ρ 2 ; t) as an information flow, and σ (ρ 1 , ρ 2 ; t) > 0 witnesses a back-flow of information from the environment into the system which increases the distinguishability of ρ 1 and ρ 2 and indicates the non-Markovian character of the process E t,0 .
The underlying origin of the revival of these quantities is the divisibility of the processes [23, 24] . A CPTP quantum process E t,0 is said to be CP-divisible if, ∀ t, τ > 0, there exist a complement process Λ t+τ,t which is also CPTP and satisfies the composition law
A process E t,0 is said to be Markovian if and only if it is CP-divisible. Hence the measure of non-Markovianity proposed by Rivas, Huelga, and Plenio (RHP) [19] is the degree of a process deviating from being CP-divisible, i.e.,
where |Ψ denotes a maximally-entangled state between the system and a copy of well-isolated ancilla possessing the same degrees of freedom of the system and I is the identity process acting on the ancillary degree of freedoms. Due to the Choi-Jamio lkowski isomorphism [25, 26] , the complement process Λ t+ ,t is CPTP if and only if g(t) = 0, ∀ t > 0, namely, E t,0 is CP-divisible and Markovian.
Apart from some special cases in which only a single decoherence channel is present [27, 28] tive studies [29] [30] [31] showed that these measures are essentially at variance, especially when the process consists of multiple decoherence channels.
In view of the discrepancies among different measures, the following questions naturally arise: What is the underlying reason that makes these measures at variance and under what circumstance these measures coincide with each other? Is that possible to construct a better measure when all the measures fail to work? To address these questions, we adopt the concept of k-divisibility [32] , a natural generalization of CP-divisibility in Eq. (2), to develop the k-divisibility phase diagram, which can provide a further insight into the nature of quantum nonMarkovianity.
k-positive maps. Suppose that A is a C * -algebra of linear operators on the n-dimensional Hilbert space H n , and A + is the subset of positive elements. A TP map E is said to be positivity-preserving (PP) if E (A + ) ⊂ A + . However, a quantum system may have nonclassical correlations (e.g. entanglement) with some other ancillary degrees of freedom. Hence the notion of PP must be generalized to a series of k-positivity: a TP map E is said to be k-positive if I k ⊗E : M k ⊗A → M k ⊗A is PP, and CP if E is k-positive for all positive integers k, where I k is the identity map acting on the k × k matrix algebra M k . Although the structure of CP maps have been studied thoroughly [25, 26] , there is still no efficient criterion for determining whether a map is k-positive or not [33, 34] .
k-divisibility and divisibility phase diagram. Having the notion of k-positive maps, we can generalize CPdivisibility to a hierarchy of k-divisibility: A CPTP quantum process E t,0 is said to be k-divisible if, ∀ t, τ > 0, the complement process Λ t+τ,t in Eq. (2) is k-positive. Consequently, n-divisibility is equivalent to CP-divisibility and E t,0 is 0-divisible if Λ t+τ,t is not a positivitypreserving map. Introducing a family of sets D k containing processes E t,0 with divisibility less than k, one has a chain of inclusions
where D n consists of all quantum processes, no matter Markovian or non-Markovian, and D 0 consists of 0-divisible processes, which is called to be essentially nonMarkovian by Chruściński et al. [32] . Now we propose to define the set of proper k-divisibility
consists of processes which are exactly n-divisible, i.e., Markovian processes. Thus the inclusion chain in Eq. (4) can be rewritten into a partition of D n in terms of PD k
To make the partition in Eq. (5) intuitive, in the following, we consider several paradigms and show the explicit visualization by means of k-divisibility phase diagram which can provide us further insight into the nature of quantum non-Markovianity. The algorithm to the partition in Eq. (5) based on the criteria for k-positivity and all the calculations for the following paradigms are described in the Supplementary [35] . Additionally, a similar partition has been reported recently in an all optical setup [36] . Examples. Firstly, we consider a master equation for a qubit in the standard Lindblad form
whereσ j are the Pauli matrices. It is well-known that the necessary and sufficient conditions for its corresponding process
On the other hand, the conditions for E t ∈ PD 1 are weaker than that of Eqs. (7) [32], i.e.,
Although the region of Eqs. (7) is enclosed by that of Eqs. (8), PD 2 should be excluded from PD 1 by definition. The above conditions can be depicted in a 3-dimensional γ j (t) space for a clear comprehension. In Fig. 1 , we show the half space with (a) γ 3 (t) ≥ 0 and (b) γ 3 (t) < 0. The first octant consists of all Markovian processes satisfying Eqs. (7) and therefore lies in the region of PD 2 (gray). The PD 1 (blue) consists of nonMarkovian processes satisfying Eqs. (8) surrounding the region of PD 2 , and the PD 0 (red) consists of essentially non-Markovian ones which get rid of the above regions.
Furthermore, it has been shown that whenever E t ∈ PD 1 , σ (ρ 1 , ρ 2 ; t) ≤ 0 is always fulfilled [32, 37] . Namely, BLP measure can only detect the non-Markovianity in the region of PD 0 and be blind to the non-Markovianity in the region of PD 1 . The underlying reason of this weakness lies in that the definition of σ (ρ 1 , ρ 2 ; t) does not take the full advantage of CP-divisibility.
To further show the powerfulness of the divisibility phase diagrams, we consider the eternal non-Markovian process proposed by Hall et al. [38] with decay rates γ 1 (t) = γ 2 (t) = 1, γ 3 (t) = − tanh t.
It is clear that these decay rates lie exactly in the region of PD 1 , hence the corresponding process is non-Markovian and can never be detected by BLP measure. Along the same line, one can easily construct more eternal nonMarkovian processes such as 
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The k-divisibility phase diagram for the T-qubit controlled by the C-qubit via a C-NOT gate. Besides the C-NOT gate, the T-qubit undergoes an isotropic depolarizing channel. The C-qubit is a mixture and has population a on |1 1|. For a = 1 or 0, the C-qubit is pure and has no information that can flow into T-qubit. Hence the T-qubit is Markovian (PD2). As a approaches 0.5, the T-qubit shows a transition from PD2 to PD0. In this case, the RHP measure is shown to be perfect which can thoroughly detect the non-Markovianity in both region of PD0 and PD1, whereas the BLP measure can only detect the non-Markovianity in PD0.
The second example considered is a pair of qubits coupled with each other via a C-NOT gate, which is a fundamental building block in the theory of quantum information. Assume that the control qubit (Cqubit) is a mixture ρ C = a|1 1| + (1 − a)|0 0| and the qubit pair has no initial inter-qubit correlation. Their interaction Hamiltonian can be written as H = J/2 |1 C 1 C | ⊗σ x + |0 C 0 C | ⊗Î . Besides, the target qubit (T-qubit) undergoes a noisy channel which is described by isotropic depolarizing channel with
The parameter a has prominent influence on the dynamics of T-qubit. In Fig. 2 , we explore the k-divisibility phase diagram for the T-qubit in the γ − a plane. When a = 1 or 0, the C-qubit is in fact a pure sate in |1 or |0 , respectively, and contains no information. Consequently, the T-qubit can only decohere Markovianly. As a gradually approaches 0.5, the C-qubit becomes more and more uncertain and contains more information. The information-flow into the T-qubit resultantly dominates over the Markovian decoherence channel and the T-qubit will behave non-Markovianly. As a result, the dynamics of T-qubit shows a transition from PD 2 to PD 0 with a approaching 0.5 in Fig. 2 . Moreover, we find out that the upper bound of RHP measure coincides into the border of PD 1 and PD 2 . This means that, in this case, the RHP measure is a perfect measure which can thoroughly detect the nonMarkovianity in both region of PD 0 and PD 1 . On the other hand, the upper bound of BLP measure also coincides with the border of PD 0 and PD 1 , and the reason is similar to that in the previous example. In the following, we proceed to address the question that under what circumstance can BLP measure be perfect as shown in Ref. [27, 39] . We consider the qubit dynamics subjected to a amplitude-damping channel
The time-varying rate γ(t) is determined by the spectral density function J(ω) of the environment. In this example, we employ the Lorentzian spectral density function
In Fig. 3 , we depict the kdivisibility phase diagram in γ 0 −λ plane, and the criteria for PD 2 and PD 1 are exactly the same. Consequently, the γ 0 − λ plane is divided into only two part, PD 2 and PD 0 , and the degeneracy of PD 1 can be shown explicitly by the divisibility phase diagram for such dynamics possessing only one decoherence channel. As expected, the BLP measure can detect all non-Markovianity in the region of PD 0 with γ 0 > λ/2. Due to the degeneracy, the BLP measure can detect all non-Markovianity in γ 0 − λ plane and is equivalent to the RHP measure for this model. This is in line with the conclusions of Ref. [27, 39] .
Additionally, similar conclusion can be drawn in a special case of the first example, where the qubit system is subject to only one of the three dephasing channels, e.g., γ 1 (t) = γ 2 (t) = 0 and γ 3 (t) = 0. The border of PD 1 is merged with that of PD 2 , and the degeneracy occurs. Then the BLP measure again works perfectly as RHP measure does, as shown in Ref. [27] . The k-divisibility phase diagram for a pair of atoms with the superradiant process, where x is defined as the inter-atomic distance d multiplied by the wave number q. The environment atom has an initial population a in its excited state, which is related to the rate of energy feedback to the system atom. For a = 0 or x = nπ, the system is Markovian (PD2). The region surrounding PD2 with small a or x closed to nπ is dominated by PD1. When a increases, the system atom becomes more non-Markovian and is dominated by PD0. The non-Markovianity reduces to Markovianity and appears periodically when increasing x. In this case, the BLP measure can only detect the non-Markovianity in a small region of PD0 (the region above the dashed curve).
Apart from these theoretical models described by the standard Lindblad form, we finally consider the superradiant phenomenon in a two-atom system which can be implemented experimentally and attracts much interests recently [40, 41] . In this system, the two atoms are coupled with each other via a common photon reservoir with the wave number q. Although the dynamics for the twoatom system can be described by a standard Lindblad form and is considered to be Markovian [40] , it is not the case if we pay attention to only one of the atoms by tracing out the other one. Assume that the two atoms are separated by a distance d with no initial correlation. Similar to the second example, the traced-out atom plays the role of non-Markovian environment, and its initial population a of the excited state is related to the rate of energy feedback to the system atom.
In Fig. 4 , we show the divisibility phase diagram for the system atom. When a = 0, the environment atom is in its ground state and no energy feedback into the system atom can occur. Thus the system atom undergoes a purely Markovian dissipation and the dynamics belongs to PD 2 . When x ≡ qd is a multiple of π, both the atoms are effectively blind to each other due to the destructive interference. This inhibits the inter-atom energy exchange and also leads to the Markovian behavior of the system atom, regardless of the value of a. In general, the system atom is more non-Markovian with increasing a, due to the stronger feedback of energy from the environment atom. Hence PD 0 distributes over the most of the region with large a, whereas PD 1 can only occupy the region with small a and the narrow regions surrounding x = nπ.
In contrast to the previous examples, the BLP measure can only detect the non-Markovianity in a small region of PD 0 , which is above the dashed curve in Fig. 4 . This is because the information from the environment to the system atom is reduced when increasing the interatom distance d. However, the non-Markovianity should be kept even for a large distance, due to the inter-atom coupling mediated by photon modes [40] . With the peculiar excitation-transfer rate in the form of sin(qd)/qd, the transition between Markovian and non-Markovian behavior should possess periodicity of qd = nπ, and the measure of non-Markovianity keeps finite but decreasing as increasing the distance.
Conclusions. In summary, we have utilized the theory of k-positivity maps to generalize the notion of CPdivisibility to a hierarchy of k-divisibility. This results in a refinement of quantum non-Markovianity and allows us to classify quantum processes into the partition of D n in terms of PD k . Further visualization of the PD k partition leads to a useful tool, referred as k-divisibility phase diagrams. These phase diagrams show the landscape of non-Markovianity and allow one to study different measures in a unified framework. We can acquire a deeper insight into the nature of quantum non-Markovianity, such as an intuitive way to realize the cause of the eternal non-Markovian dynamics, the reason for the perfection of RHP measure, the clue for the weakness of BLP measure, and the circumstance when the measures coincide with each other. Finally, we consider the superradiant phenomenon of a two-atom system which can be implemented experimentally. The Markovian region is reduced to several straight lines instead of an area due to the destructive interference or the lack of feedback energy. The distribution of non-Markovian regions is related to the rate of energy feedback to the system atom and possesses periodicity due to the peculiar form of photon-mediated interaction. In this case, the BLP measure can only de-tect a small part of the non-Markovian regions. This weakness is due to that the increasing the inter-atom distance may reduce the back flow of information and thus the distinguishability can hardly increase with time.
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